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Dynamics of colloidal glass-forming mixtures
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Recent experimental results from dynamic light scattering on two-component colloidal mixtures close to the
glass transition are compared to theory. In the framework of the mode-coupling theory of the glass transition,
close agreement is found in general. Discrepancies are identified for the minority-particle correlation function,
and possible reasons for them are discussed.
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The quantitative description of dynamics in glass-formi
liquids is a challenging task in condensed matter physics
understand the underlying microscopic processes, one n
to consider systems as simple as possible. The hard-sp
system has been studied through colloidal suspensions@1–3#,
but there the glass transition is reached only due to the p
dispersity in particle sizes@4#. Thus, binary mixtures are
among the simplest model systems one can use in the s
of nonquenched glass-transition dynamics. Computer si
lations of Lennard-Jones and more complex mixtures@5# and
experiments on colloidal mixtures@6# have been performed
Yet the effects that occur on mixing, i.e., how the glas
dynamics changes with changes in the mixture’s comp
tion, have not been studied systematically. Recently, W
iams and van Megen used a colloidal binary hard-sph
mixture ~HSM! to study glassy dynamics@7#. Employing a
two-color dynamic light scattering~DLS! technique@8,9#,
they could extract the time-dependent matrices of par
density correlation functions~PDCFs!, providing data on a
level of detail previously available only from comput
simulations. Moreover, they gave a first systematic explo
tion of mixing effects on the glass-transition dynamics, th
presenting a challenging model system for testing theorie
the glass transition.

This contribution deals with the question of how th
mode-coupling theory of the glass transition~MCT! @10,11#
performs as afirst principles theory of the glass-transition
dynamics in a HSM. A qualitative explanation of the o
served anomalous mixing effects@7# has been published re
cently @12#, but a quantitative comparison using the fu
theory was still missing, and in a similar study of a Lenna
Jones mixture@13#, no mixture-composition dependence w
discussed.

MCT for mixtures@14# has already been used to discus
number of systems@12,15–19#. Computer simulation result
for a Lennard-Jones mixture@13,20# and models of a silica
melt @21# and a metallic melt@22# have been analyzed quan
titatively with success. MCT yields an equation for the m
trix of PDCFs,Fab(q,t)5^d%a* (qW ,t)d%b(qW ,0)&, where^•&
is the canonical average andd%a(qW ,t)5Sk exp@iqW•rWk

(a)

3(t)#/AN are the number density fluctuations at wave vec
qW in speciesa in a system withN5SaNa particles. Isotropy
implies thatFab(q,t) depends onqW through q5uqW u only.
The time evolution of the system will be governed
Smoluchowski dynamics, as usual for colloidal systems@23#.
Denoting matrices by bold symbols, the equation of mot
reads@14#
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21Fq~ t !1E

0

t

Mq~ t2t8!Ḟq~ t8!dt850. ~1!

The tab,q51/(q2Da
0)dab are given by the short-time diffu

sion coefficientsDa
0, and Sq is the matrix of partial static

structure factors,Sq5Fq(t50). Equation~1! is closed in
MCT by

Mab~q,t !5E d3k

~2p!3 ( Vab
a8b8a9b9~qW ,kWpW !

3Fa8b8~k,t !Fa9b9~p,t !, ~2!

where the sum runs over all repeated indices, andpW 5qW 2kW .
The verticesV can be worked out in detail@12#; they are
determined by the equilibrium structure, and after some te
nical approximation are given bySq alone. For this latter
quantity, the Percus-Yevick approximation@24# will be used,
which gives the simplest theory without free parameters s
able for hard-sphere mixtures at high densities. Equations~1!
and~2! are solved numerically on a grid ofM5200 equidis-
tantly distributed wave vectorsq50.2,...,79.8 as describe
previously @12#. I have checked that the numerical param
eters chosen do not affect qualitative features of the res
The diameters of the spheres will be denotedda , and% is
the total number density. The binary HSM will be charact
ized by the total packing fractionw5wA1wB , wa5(p/
6)(Na /N)%da

3; the diameter ratio of small~B! to large~A!
spheres,d5dB /dA ; and the packing contribution of sma
spheres,x̂B5wB /w. The short-time dynamics, given bytq in
Eq. ~1!, is assumed to follow the Stokes-Einstein relati
Da

0;1/da .
Time-dependent quantities will be discussed as functi

of reduced timet/ t̂, wheret̂5dA
2/(24DA

s ) is a characteristic
‘‘Brownian’’ time involving the measured short-time diffu
sion constant of the large particles,DA

s . The latter is, in
colloidal suspensions, different fromDA

0 due to solvent-
mediated hydrodynamic interactions~HIs! @23#. To test the
assumption of MCT that HIs merely influence the over
time scale@25#, let us incorporate them by rescalingDa

0 in
Eq. ~1!; for the data discussed below, I find satisfactory
sults by settingDA

s /DA
0'0.2. Still the MCT description of

the dynamics at short times,t/ t̂&1, say, cannot be expecte
to be accurate, since the approximation is tailored for lo
times.
©2003 The American Physical Society01-1
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MCT results for the PDCFs atd50.6, x̂B50.2, and sev-
eral packing fractionsw are shown in Fig. 1 as solid lines
The crosses denote the experimental data correspondin
the same (d,x̂B) from Ref. @7#. These data refer to a scatte
ing wave vectorqdA56.0, while the MCT results are show
for qdA55.4. This shift in wave vector accounts for a 10
error in the predicted wave-vector dependence of the fro
glassy structure@2#.

Since the MCT result for the glass-transition packing fra
tion of a hard-sphere system is in error by about 10%@26#,
one has to correct for this by comparing theory to experim
not at the samew, but at the same separation from the gla
transition singularity. Technically,wMCT entering the MCT
equations has been treated as a fit parameter. The resu
relation betweenwMCT andwexpt is plotted in Fig. 2; it can be
approximated by ax̂B-independent shiftwexpt'wMCT10.05
60.005. There is, however, a slight systematic deviation:
wMCT are lower for higherx̂B , implying that the time scale
for the final relaxation process decreases with increasingx̂B .
But this is precisely what MCT predicts for the present m
ture even at constantwMCT @12#. Thus the theory explains
but underestimates, this so-called plasticization effect.

There is satisfactory agreement between theory and
periment for the colloidal binary HSM atd50.6 and x̂B

50.2 in the autocorrelator of the majority species,f̂AA , and
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FIG. 1. Normalized partial density correlation function

f̂ab(q,t)5Fab(q,t)/Sab(q) for a binary hard-sphere mixture wit
size ratiod50.6 and packing contribution of the smaller spec
x̂B520%. Crosses are experimental results forqdA56.0 and total
packing fractionswexpt50.58, 0.57, 0.55, 0.53, and 0.51~from right
to left, from Ref.@7#!. Solid lines are MCT results forqdA55.4 and
wMCT50.516, 0.510, 0.497, 0.475, and 0.460.
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the cross-correlatorf̂AB . The PDCFs are reproduced ov
the whole experimentally accessible time window for tim
t/ t̂*1. TheBB correlator in the lower panel of Fig. 1, how
ever, shows pronounced disagreement; the data are sys
atically smaller than the calculated curves at all times. Let
investigate this point in more detail, tracing it back to
MCT-independent question.

Highly charged colloids set aside, one expects the Sm
chowski operator to describe the dynamics in colloidal s
pensions for times long compared to the Brownian time sc
@23,27#. In a one-component system this induces the den
correlation functions to be superpositions of decaying ex
nentials with positive weights only. In multicomponent sy
tems, the same holds for the matrix of unnormalized PDC
as a whole, with the term ‘‘positive’’ replaced by ‘‘positiv
definite.’’ One can show that the MCT approximation exac
preserves this direct consequence of the mathematical s
ture of the Smoluchowski operator@28#. This guarantees tha
all MCT solutions shown here represent the three indep
dent elements of a 232 matrix that is positive definite for al
times t and for each givenw. To test whether this is true fo
the experimental data, one needs to undo the normaliza
f̂ab(q,t50)51, which in turn requires knowledge of th
partial static structure factorsSab(q). These are difficult to
obtain from DLS, so let us take instead the Percus-Yev
results used for the MCT calculation; the following argume
is insensitive to the precise values chosen. One way to ch
the positive definiteness of the 232 matrices is to test the
condition e6(q,t)>0 for the two eigenvalues for allt. We
plot these quantities in Fig. 3 for the experimental da
shown in Fig. 1. One finds forwexpt<0.57 a slightly negative
smaller eigenvalue for times exceedingt/ t̂'10, in violation
of the positive definiteness ofFexpt(q,t). Thus the data con-
tradict the assumption that the PDCFs are purely relax
functions in this time window, i.e., they are in disagreeme
with the assumption of Smoluchowski dynamics. For th
reason, they cannot be described by MCT or any theory
describes the long-time glassy dynamics as structuralrelax-
ation. Only for x̂B50.2 andwexpt50.58 do the eigenvalue
both stay positive in the structural relaxation regime; co
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FIG. 2. Packing fractionswMCT versus experimental oneswexpt

used in the fits to the data of Refs.@7# and @6#; concentrations of
small spheres arex̂B520% ~diamonds!, 10% ~squares!, and 5%
~circles! for the d50.6 mixtures, and 12%~cross symbols! for the
d50.8 mixture. The dashed line represents a shift,wexpt'wMCT

10.05; dotted lines indicate 1% variation inwMCT .
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comitantly, this is the only data set I have been able to
completely. In the other cases the violation of positive de
niteness is only of the order of 5%; it is about as large as
deviation seen in the lower panel of Fig. 1 and proba
inside the error bars for theBBcorrelator measurements@29#.
Indeed, the fits shown in Fig. 1 demonstrate that the viola
of positive definiteness arises mostly from theBB correla-
tions, since both theAA andAB correlators can be fitted with
a theory that yields positive definite PDCFs at all times. N
that theBB correlators contribute much less, by a factor
about 2–5, than theAA andAB to the scattering signal from
which the experimental PDCFs are extracted@29#.

For thed50.60, x̂B520% mixture, data have also bee
reported in Ref.@7# for different scattering wave vectorsq.
Figure 4 shows the experimental results for the large-la
~AA! correlation functions atwexpt50.58 as in Fig. 1, but also
for qdA53.0 and 7.2. They are analyzed in the same spiri
above, adjusting the wave vectors slightly toqdA53.8 and
7.0 in the MCT calculation. As is apparent from Fig. 4, MC
captures the detailed statements about the local structu
the glass-forming mixture inherent in theq-dependent corre
lation functions. Only for the smallestq shown is the agree
ment slightly worse, and the adjustment of theq value ex-
ceeds the 10% level.
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FIG. 3. Eigenvaluese1(q,t) ~upper! and e2(q,t) ~lower
curves! of the experimentally measured matrices of partial corre
tion functionsF(q,t) shown in Fig. 1. See text for details.

-3 -2 -1 0 1 2 3 4

-3 -2 -1 0 1 2 3 4 5 6 log10 t /τ̂
0

0.2

0.4

0.6

0.8

1
φ̂

AA
(q,t)

-2 -1 0 1 2 3 4 5 6

FIG. 4. Crosses denote experimental data as in the upper p
of Fig. 1, but forqdA53.0 ~left!, 6.0~middle!, and 7.2~right!. Solid
lines are MCT results forqdA53.8, 5.4, and 7.0, respectively. Fo
clarity, the different sets of curves have been translated alongt
axis as indicated by the labels.
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So far, only data for a single mixture composition ha
been analyzed here. Let us demonstrate the effect of a c
position change, by considering in Fig. 5 results forx̂B
50.1; they are similar to those forx̂B50.05. Again, the data
for the AA andAB correlators compare favorably to the ca
culated curves, at least forwexpt<0.57. TheBB correlator
data are not reproduced by the theory, and a more deta
analysis of the required positive definiteness reveals a sim
picture as discussed in connection with Fig. 3. For the hi
est packing fractionwexpt50.58, it has not been possible t
reproduce the experimental data convincingly at all. Pr
lems arise stemming from an increasing discrepancy in
height of the plateaus in the PDCFs at intermediate tim
The same situation arises also forx̂B50.05. Currently, one
can only speculate about the origin of this deterioration of
quality with decreasingx̂B . Note that the intrinsic size poly
dispersity of both particle species is not accounted for in
theory.

It is also instructive to investigate changes in the th
control parameter of the binary hard-sphere mixture, viz.,
size ratiod. From light-scattering experiments, the PDC
have been obtained only for thed50.6 case, but Henderso
et al. @6# have studied two polydisperse colloidal hard-sph
suspensions that can be approximated by a monodisp
system and by a binary mixture withd50.8 andx̂B'0.12,
respectively. In this study, results for the scattering functi

fm~q,t !}(
ab

ba~q!Fab~q,t !bb~q! ~3!
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FIG. 5. Experimental data and MCT calculations for a bina
hard-sphere mixture withd50.6 andx̂B510%, otherwise as in Fig
1. Values forwexpt (wMCT) are 0.58, 0.57~0.515!, 0.55~0.504!, 0.53,
~0.490!, and 0.51~0.470!, from right to left.
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have been reported, whereba(q) are the scattering ampli
tudes, or single-particle form factors, for wave vectorq and
speciesa. In principle, knowledge of theseba(q) would
enable us to calculate the theoretical result forfm(q,t) from
the PDCFFab(q,t). For simplicity, let us assume that th
colloidal particles are ideal uniform spheres of homogene
refractive index. Then the scattering amplitudes are given
@23#

ba~q!}
da

3

~qda!3 S sin~qda/2!2
qda

2
cos~qda/2! D . ~4!

Figure 6 compares some results from Ref.@6# with the
corresponding MCT results obtained from Eqs.~1!–~4!, nor-
malized tofm(q,t50)51. The curves refer to a wave vec
tor close to the first peak of the~total! static structure factor
i.e., qdA56.6 and 7.4 for the MCT results for the on
component and the binary system, respectively. As abo
the short-time diffusion coefficient in the theory has be
adjusted, in this case toDA

s /DA
0'0.27. In Fig. 6, the plus

symbols~squares! are experimental results for the monod
perse~binary! system, taken at three packing fractions th
are as close as possible for the two systems. The da
~solid! lines are the corresponding MCT results, while he
the packing fractions have been chosen exactly equal. A
the agreement is quite satisfactory in both cases. Note
the description of the monodisperse system at the hig
packing fraction shown could be improved, if one allows t
values ofw to differ slightly in the MCT calculations, as the
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FIG. 6. Plus symbols are the experimental data from Ref.@6# for
the scattering functionfm(q,t) @cf. Eq. ~3!# in a nearly monodis-
perse colloidal hard-sphere system, at packing fractionsw50.535,
0.558, and 0.567, from left to right. Squares are data for a bi
perse system with size ratiod50.8 and x̂B'0.12, at w50.536,
0.556, and 0.566. The dashed~solid! lines are MCT calculations for
a monodisperse~binary! hard-sphere system withw50.485, 0.505,
and 0.5145, for wave vectorqdA56.6 ~7.4!.
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do for the experimental data. As in thed50.6 case, an over
all shift in the packing-fraction values has been allowed f
The resulting values are plotted in Fig. 2, where they can
seen to agree well with the ones used in thed50.6 fits.

Note that the fits presented in Fig. 6 exhibit a qualitative
different trend from that observed for thed50.6 mixtures of
Ref. @7#: while in the latter case increasing the contributi
of smaller particles at fixed total packing fraction led to
marked decrease in the final relaxation times, thed50.8 case
of Fig. 6 shows a slowing down of the relaxation upon i
creasing the contribution of smaller particles fromx̂B50 to
x̂B'0.12. This is consistent with a recent MCT predictio
@12# that there exist two different scenarios for the depe
dence of the glass-transition packing fraction on mixtu
composition; one for moderate size disparity, where mix
stabilizes the glass, and one for more pronounced size
parities, where mixing stabilizes the liquid.

In conclusion, I have applied the mode-coupling theory
the glass transition to a binary hard-sphere mixture and c
pared to it the partial density correlation functions obtain
recently by dynamic light scattering on colloidal hard-sphe
mixtures with size ratiod50.6 @7#. Close overall agreemen
is found, if one allows for about 10% deviation in thre
overall quantities, viz., the packing fractionw, the wave-
vector magnitudeq, and the short-time diffusion constan
DA

s . In general, the analysis presented here underlines
applicability of MCT to describe mixture-specific effec
found in typical glass-forming colloidal suspensions. T
same is found for light-scattering data on a mixture with s
ratio d50.8 @6#, and altogether the results hint at the pre
ence of two different mixing scenarios, depending on the s
ratio, as predicted by the theory.

The small-particle correlation functionf̂BB(q,t) shows
disagreement between experiment and theory: the exp
mentally obtainedBB correlators show faster decay than pr
dicted by the theory. This is, however, not necessarily a f
ure of MCT. Since the present data are not in accord with
positive definiteness of the relaxation functions expected
structural relaxation in general, they also do not fit into t
concepts of a potential energy landscape that are comm
used to discuss glassy dynamics@30,31#. The deviations
might be due to a magnification of small errors, as was
plained in connection with Fig. 3. Thus it appears that furth
experimental or computer simulation investigations of t
issue are desirable.
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